Abstract. We prove several improved versions of Bohr's inequality for the harmonic mappings of the form f = h + g, where h is bounded by 1 and |g ′ (z)| ≤ |h ′ (z)|. The improvements are obtained along the lines of an earlier work of Kayumov and Ponnusamy, i.e. [9], for example a term related to the area of the image of the disk D(0, r) under the mapping f is considered. Our results are sharp. In addition, further improvements of the main results for certain special classes of harmonic mappings are provided.
Introduction and Preliminaries
In recent years there has been considerable interest in the classical inequality of Bohr [3] , which states that if f is a bounded analytic function on the unit disk D := {z ∈ C : |z| < 1}, with the Taylor expansion f (z) = ∞ k=0 a k z k , then ∞ k=0 |a k |r k ≤ f ∞ for |z| = r ≤ 1/3, and the constant 1/3 is sharp. Bohr obtained this inequality only for r ≤ 1/6, but later M. Riesz, I. Schur and N. Wiener independently proved its validity for r ≤ 1/3. Several other proofs were also available in the literature. Moreover, similar problems were considered for Hardy spaces or for more abstract spaces. For background information about this inequality and further work related to Bohr's inequality, we refer the reader to the recent survey by Abu-Muhanna et al. [1] and the references therein. Other recent results on this topic include [2, [7] [8] [9] [10] . Harmonic version of Bohr's inequality was discussed by Kayumov et al. in [10] . In a related development, Kayumov and Ponnusamy [9] gave several improved versions of Bohr's inequality. Some of them may now be recalled. 
∞ k=0 |a k |r k + |f (z) − a 0 | 2 ≤ 1 for r ≤ 1 3 , and the constant 1/3 cannot be improved.
, and the constant 11/27 cannot be im-
proved.
The primary objective of this article is to obtain harmonic versions of the above results and thereby we present improved versions of certain main results of Kayumov et al. [10] in the case of harmonic mappings. For this aim, we need to introduce some basic results on harmonic mappings.
A complex-valued function f = u + iv defined on D is harmonic if u and v are realharmonic in D. Every harmonic function f admits the canonical representation f = h+ g, where h and g are analytic in D such that g(0) = 0 = f (0). A locally univalent harmonic function f in D is said to be sense-preserving if the Jacobian [11] and [5, 6, 12] ). Properties of harmonic mappings have been investigated extensively, especially after the appearance of the pioneering work of Clunie and Sheil-Small [5] in 1984. A comprehensive reference on this topic is the monograph of Duren [6] .
The proofs of the main results rely on lemmas that are stated below.
Our next result concerns sense-preserving harmonic mappings defined on D. 
k is analytic and satisfies the inequality |h(z)| < 1 in D, then the following sharp inequality holds:
2. Main Results
If S r denotes the area of the image of the subdisk |z| < r under the mapping f , then
and the constants 1/5 and c = 108/25 cannot be improved. Moreover,
and the constants 1/3 and 4/3 cannot be improved.
Proof. By assumption
Then it is well-known that |a k | ≤ 1 − |a 0 | 2 for all k ≥ 1. Firstly, for the area of the image of the disk |z| < r under the mapping f , we have
In particular, it follows that
and
We see that H 1 given by (6) is an increasing function of r and hence it suffices to prove (6) for r = 1/5. Moreover, by the condition |g ′ (z)| ≤ |h ′ (z)|, (4) holds. Furthermore, by Lemma E and the hypothesis on h, (5) holds. Dividing by r on both sides of (5) shows that
Integrating (10) shows that
which by (4) yields
Consequently, for |a 0 | < 1 and 0 < r ≤ 1/2, we see that
Now, let |a 0 | ≥ 1/5. Then by (3), (8) and (12), we have for r ≤ 1/5 that
where x = |a 0 |, c = 3/16, and
It is easy to see that Φ(1) = 0 and
This may be rewritten as
where
Now, after some computations, we find that
which clearly implies that Ψ ′ (x) > 0 on (0, 1]. Thus, Ψ(x) ≤ Ψ(1) = 0 which, by (14), shows that Φ is decreasing on [0, 1]. Consequently, we have
Hence, by (13) , it follows that H 1 (r) ≤ 1 for 1/5 ≤ |a 0 | ≤ 1 and r ≤ 1/5.
Again, in the case 0 ≤ |a 0 | < 1/5, we may apply (3), (8), (12) to obtain
for r ≤ 1/5. This proves (6) . To see the sharpness of the result we consider the function f 0 = h 0 + g 0 , where
with a ∈ D and λ ∈ ∂D. Then both h 0 , g 0 are analytic in the closed unit disk, and g
then D c (r) = H 1 (r) when c = 108/25. Thus, in this case, we compute that
For c > 108/25 and |a| sufficiently close to 1, the quantity in the square bracket term is negative and hence, D c (1/5) > 1. Indeed, in this case, we observe that
is less than
which tends to 0 when both |a| and |λ| tend to 1.
For the second part, namely (7), as H 2 is an increasing function of r, it is again enough to prove (7) for r = 1/3. Thus, for |a 0 | ≥ 1/3 and r ≤ 1/3, as in the previous part by using (3) , (9) and (12), we deduce that
,
It is easy to see that Φ 2 (1) = 0 and, by a computation, we have
Now, 16 ≤ 8 2(3 − x 2 ) < 20 for x ∈ [1/3, 1] and For |a 0 | < 1/3 and r ≤ 1/3, as before we observe that
which is less than 1, because for 0 ≤ x < 1/3, we have
Here we have used the fact that, for 0 ≤ x < 1/3,
+ 3x
The constants 3/8 and 1/5 cannot be improved.
Proof. Note that L is an increasing function of r (> 0) and hence, we only need to prove the desired inequality for r = 1/5. For the function h, the inequality (11) holds and therefore, since |g
We divide the proof into two parts. Firstly, we consider the case where |a 0 | ≥ 1/5. By hypothesis (see Equation (12)), we have
Therefore, for r ≤ 1/5, by (3) and the above two inequalities, we find that Next, for |a 0 | < 1/5, we have
which shows that L(r) ≤ 1 for r ≤ 1/5. In order to prove the sharpness, we may consider the same function f 0 = h 0 + g 0 , where h 0 and g 0 are defined by (15) with |λ| = 1. Then, with
Note that L c (1/5) = L(1/5) if c = 3/8. However, for c > 3/8, the quantity in the square bracket term on the right is not only less than the corresponding quantity for c = 3/8, but it also approaches 0 when |a| tends to 1. Thus, for the function
is greater than 1 when |a| is sufficiently close to 1, |λ| = 1 and c > 3/8. This proves the sharpness.
The constant 1/5 is best possible.
Proof. By using the triangle inequality we can see that
The right hand side of (17) is an increasing function of r and thus it is enough to prove the required inequality for r = 1/5. Again, we apply the same method of proof as in the previous two theorems.
Firstly, we consider the case where |a 0 | ≥ 1/5. We see that
In order to show that Φ(x) ≥ 0 for x ∈ [0, 1], we compute that 
For the sharpness, we may consider the same function f 0 = h 0 + g 0 , where h 0 and g 0 are defined by (15) with |λ| = 1. Then, for the harmonic mapping f 0 , we see that
We choose z ∈ D such that az ∈ R and it follows that N(r) > 1 if and only if 1/5 < r < 1, which completes the proof. Now, we state and prove the harmonic analog of Theorem B(3). Moreover, it is also possible to derive a version of the next theorem by replacing the condition "h is a bounded function in D such that h ∞ = 1" by "f is a bounded function in D such that f ∞ = 1." Proof. By using the Schwarz-Pick lemma for the function h, we have
By assumption both (4) and (11) hold for 0 < r ≤ 1/2. In particular, for 0 < r ≤ 1/ √ 2, we can easily obtain
where Φ(x, r) = 2r
with x = |a 0 | ≤ 1 and 0 < r ≤ 1/ √ 2. We wish to show that Φ(x, r) ≥ 0 for all x ∈ [0, 1] and r ∈ [0, r 0 ]. We notice that r 0 < 1/ √ 3 < 1/ √ 2 and partial derivative with respect to x gives Φ x (x, r) = 6r 3 x 2 + 4r 2 x − r(1 + r 2 ).
Also, we observe that Φ xx (x, r) > 0 for x, r > 0. Moreover, by determining the roots of the equation Φ x (x, r) = 0, we may write
which shows that Φ(x, r) is a decreasing function of x on (0, x + ) and an increasing function of x on (x + , 1) where x + is the only point of local minimum on (0, 1) for each fixed r. In particular, we have
Next we observe that Φ(0, r) = 1 − 3r 2 > 0 for 0 < r ≤ 1/ √ 2. Clearly, to complete the proof and to determine the range of r, it suffices to show that Φ(x + , r) ≥ 0 for r ≤ r 0 . In order to do this, we set y = √ 10 + 6r 2 (so that r 2 = (y 2 − 10)/6 and 1 + r 2 = (y 2 − 4)/6) and find that 6r 0 , and g = λh (|λ| = 1). Rest of the details is omitted and the proof is complete.
Concluding Remarks
There are interesting examples of harmonic mappings f = h + g that are of the form g ′ (z) = ηzh ′ (z) in D for some η with |η| = 1 (cf. [4, 13] ). Such mappings play a significant role in the theory of harmonic mappings and sometimes with some additional conditions on h. For example, f (z) = z + [5] ). Hence, the following propositions could be regarded as some useful observations. Naturally, the Bohr radius in this case should clearly be greater than or equal to 1/5.
where r 0 ≈ 0.299824 is the solution of the equation
The constant r 0 is the best possible.
Proof. By assumption, there exists an η such that |η| = 1 and g
Then the comparison of the coefficients of h and g shows that
where |a k | ≤ 1 − |a 0 | 2 for k ≥ 1 and therefore (since b 1 = 0)
, by (18) and r ≤ r 0 ,
For the sharpness of this result, consider
where a ∈ D. Then a computation on the above choices of h 0 and g 0 gives that
(|a k | + |b k |)r k = 1 − (1 − |a|) 1 − (1 + |a|) r 2 + r 1 − |a|r + r |a| + log(1 − |a|r) |a| 2 in which the quantity in the squared bracket term on the right becomes negative when |a| approaches 1 and r > r 0 . Also, the above proposition can be naturally improved as follows. We calculate the integral by using the formula t + t 2 = 2 − 3(1 − t) + (1 − t) 2 , and obtain Sharpness may be proved similarly. We omit the details.
